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Fundamental polygon
For any genus g > 2 compact, closed, oriented surface S of constant
negative curvature, S = I'\D for a Fuchsian group T c Isom™ (D).

e Adler and Flatto describe a fundamental (_8g —4)-gon F such that
the side-pairing transformations T; : D — D generate I'.

Pg Q7p,

Side 7 extends to
geodesic P;Q;41.
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b
D12 Q2
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Fundamental polygon
For any genus g > 2 compact, closed, oriented surface S of constant
negative curvature, S = I'\D for a Fuchsian group T c Isom™ (D).

e Adler and Flatto describe a fundamental (_8g —4)-gon F such that
the side-pairing transformations T; : D — D generate I'.

Pg Q7p,

Side i is glued to
side o (i) by map T;.

(i) :{4g—z odd 1,

2—1 eveni.

Indices are all mod 8¢ — 4.
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Fundamental polygon
For any genus g > 2 compact, closed, oriented surface S of constant
negative curvature, S = I'\D for a Fuchsian group T c Isom™ (D).

e Adler and Flatto describe a fundamental (_8g —4)-gon F such that
the side-pairing transformations T; : D — D generate I'.

Pg Q7 Py

Lemma (Adler—Flatto)

Qo The map 7T; sends
Pro Piin — Friyn
Q10| P: —_—

Qi  — Qogi)+2
/ P — Py
! Qi+1 =

Qirz — Qo)

Pl%Ju Q2
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Boundary map

T T5:S—=S

P PPy P, Py Py Ps Pe P; Pg Py Py

S=0D = [-m, ™)

ae T4
cei®tq

Graph: y = arg
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Boundary map

P PPy P, Py Py

S=0D

112

[_ﬂ-’ 71-)

ae'®+¢
ce'®+q

Graph: y = arg(45==
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Adam Abrams Boundary maps for T



Boundary map

i

e

PR, P B Py PyuPiP, Py Py s Pr Py Py Py

For each fundamental polygon F with sides along geodesics P;Q;+1,
define the “Bowen—-Series boundary map” fp on S = 0D by

Ip(x) =Tix if x € [P, Pi1).

This map has a smooth invariant probability measure f.
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Parameters

Original
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Parameters

Change polygon
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Parameters

Change polygon Change interval where
each T} is used
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

L
-1 -1 1 1
2 2
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

| _z+1
-1/z
1/’ 'ﬂ
-1 -1 1 1
2 2

e Geodesic flow on M is related to continued fractions.

e Different continued fraction algorithms use these generators on
different intervals of R.
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

1

N
(SIS

C

use r +1 %L use r —1
use —1/z

L

classical continued fraction
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

-1 -1 0
2
N
7/

anii e

use = + 1

—

use r —1
use —1/z

Hurwitz continued fraction, 1880’s
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

-1 =1 0 1 1
2 2
) E
use x + 1 > use r —1
use —1/x

Japanese or a-continued fractions, 2000's
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Motivation

The “modular surface” is M = PSL(2,7)\H>.

N
(SIS

L
-

L
use x + 1 e use r —1
use —1/z

Katok-Ugarcovici (a, b)-continued fractions, 2010’s
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Classes of parameters
Fix the polygon F. For any parameter choice
A = {Al,AQ, . Agg_4}

with A; € [P;,Q;], we can define the boundary map
fA(’LU) = ﬂw if xe [Ai,Ai+1)

Definition
e If each A; € {P;,Q;}, then A is called extremal.

e If each A; ¢ (Pi,Qé) and f;(T;A;) = f4(Ti-14;) for all 4, then the
parameter choice A has the short cycle property.

Adler-Flatto studied only A= {P, ...,ng_4} and A = {Q1, ..., Qgg_4}.

Adam Abrams Boundary maps for I'\D 5 November 2020



Natural extension

The map f7:S — S is highly non-invertible.

[1] S. Katok, I. Ugarcovici. Structure of attractors for boundary maps associated to Fuchsian groups, Geometriae
Dedicata 191 (2017), 171-198.

[2] A. Abrams. Extremal parameters and dual codes for Fuchsian boundary maps, lllinois Journal of Math.
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Natural extension
The map f7:S — S is highly non-invertible.
The map Fiy on SxS~ A, where A ={(z,x) : z €S}, given by
Fi(u,w) = (Tyu, Tyw) if we[A; Air1)

is also not invertible.

[1] S. Katok, I. Ugarcovici. Structure of attractors for boundary maps associated to Fuchsian groups, Geometriae
Dedicata 191 (2017), 171-198.

[2] A. Abrams. Extremal parameters and dual codes for Fuchsian boundary maps, lllinois Journal of Math.
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Natural extension
The map f7:S — S is highly non-invertible.
The map Fiy on SxS~ A, where A ={(z,x) : z €S}, given by
Fi(u,w) = (Tyu, Tiw) if we[A;, Ais1)
is also not invertible.
Theorem

If A has the short cycle property [1] or is extremal [2] then there
exists €25 ¢ S x S such that

e The restriction FA‘Qf is bijective.
A
e The set Q25 has a “finite rectangular structure” and is the global

attractor of Fg, thatis, Q3= () F7(SxS\ A).

n=0

The map F'5: Q15 — Q  is the natural extension of f.

[1] S. Katok, I. Ugarcovici. Structure of attractors for boundary maps associated to Fuchsian groups, Geometriae
Dedicata 191 (2017), 171-198.

[2] A. Abrams. Extremal parameters and dual codes for Fuchsian boundary maps, lllinois Journal of Math.
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Natural extension

Fp(u,w) = (Tyu, T;w) if we[P;, Pi)

This domain Qp is called the “arithmetic set”.
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Natural extension

Fi(u,w) = (Tyu, Tiw) if we[A4;, Air1)

This domain 2 3 is called the “arithmetic set”.
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Special flows
A special flow over R: X — X is vertical flow on the space
{(z,t):zeX,0<t<H(z) }/~
where H: X - R, and (z,H(z)) ~ (R(x),0).

p R(p) *

A cross-section of a flow ! on M is a subset C'c M to which almost
every orbit returns infinitely often. The flow ¢! is a special flow over
R:C - C with H(z) the “first return time" and R(z) = o1(®) (z).
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Special flows

We have two maps we can iterate:
e f7 on the circle S.
e F'; on the domain 25 c S xS.

The goal is to show that geodesic flow on S =T'\D is a special flow
over F'; and then use this to produce results about f 3.

e This requires constructing an “arithmetic cross-section” Cy.

There is already a natural “geometric cross-section” for geodesic flow.
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Geodesic flow




Geodesic flow




Geodesic flow




Geodesic flow




Geodesic flow
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Geodesic flow




Geodesic flow
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Geodesic flow




Geodesic flow
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Geometric map

Fyeo(u,w) = (Tyu, Tyw)  if uw exits F through side i

Gs
Iy geo

Domain Qgeo = { (u,w) : uw intersects F }.
By construction, geo. flow is a special flow over Fieo : Qe = geo-
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Arithmetic map

Fi(u,w) = (Tyu, Tiw) if we[A4;, Air1)
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Structure of attractor

A [
(P, Bi)

(Qi+1,C%)

Ay —

The corner points are
upper part: (P;, B;) and lower part: (Q;+1,C}),

where B; :=T,;_1)As(i-1) and C; := T 01y Ag(is1)+1-
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Structure of attractor

(Ps-1,By)

The corner points are

upper part: (P;, B;)

| Arithmetic set (2 4

(Qi+1,C%)

(Qi+2,Cis1) 1

—

and

(Qi+2,C4)

lower part: (Qi+1,C}),

where B; :=T,;_1)As(i-1) and C; := T 01y Ag(is1)+1-

Adam Abrams
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Structure of attractor

Geometric set (geqo
Arithmetic set (2 4

_________ T®, i) (Qrz, Cora)

Gi |
(Pi-1,Bi) b (P;, B;) / (Qiv2; Piv1)
(Qi+1:ci)

(Qi+2,C4)

~ r(QHth’)
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Structure of attractor

Geometric set (geqo
Arithmetic set (2 4

_________ (Ps,Qis1) (Qi+2,Cis1) 1

L - - —— -

(Qi+2, Piy1)
" (Qis2,Ci)

(Qi+1, P;)

(Ps, Bs)
(Qi+1,C%)

upper corner C'
upper bulge B* lower corner C;
overlap O = Qg0 N0 1
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Structure of attractor

Geometric set (geqo
Arithmetic set (2 4

_________ (Ps,Qis1) (Qi+2,Cis1) 1

L - - —— -

(Qi+2, Piy1)
" (Qis2,Ci)

(Ps, Bs)
(Qi+1,C%)
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Structure of attractor

Geometric set (geqo
Arithmetic set (2 4

_________ (Ps,Qis1) (Qi+2,Cis1) 1

L - - —— -

(Qi+2, Piy1)
" (Qis2,Ci)

(Qi+1, P;)

(Ps, Bs)
(Qi+1,C%)

Goal: construct
D Qoo > Qg
such that
Do lyeo=Fz0®
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Notation

49— if i is odd

e o(i)= 9 i fiiseven P2 sides.
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Notation

. 49— if i is odd .
e o(i)= {29—1 i€ i is oven PAITS sides.
e New permutation
7(i) =1+ (49 - 2).
P; and P.(;y are antipodal. Q); and Q.(;) are antipodal.
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Notation
. 4g—1i if i is odd .
e o(i)= {29—1 i€ i is oven PAITS sides.
e New permutation
7(i) =1+ (49 - 2).
P; and P.(;y are antipodal. Q); and Q.(;) are antipodal.
e New map

U, = To-(i)TT(i—l) = Tg(i—l)TT(i)'
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Notation
. 4g—1i if i is odd .
e o(i)= {29—z i€ i is oven PAITS sides.
e New permutation
7(i) =1+ (49 - 2).
P; and P.(;y are antipodal. Q); and Q.(;) are antipodal.
e New map

Ui = To(iyTr(i-1) = To(i-1) Tr(o)-

Lemma
e o(i-1)=710(2) + 1.
[ ] U’L'_l = T(’L)

e U;F touches F at vertex i (where sides i and i—1 meet).
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Circle maps

Ui = Tg(i)TT(i—l) = o‘(i—l)TT(i)

sends F to the “corner image” U;F.
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Arithmetic vs. geometric

Proposition (A.-Katok)

Let A have the short cycle property, and let B;,C;, B, C’ be the bulges
and corners shown previously. The map ® with domain {24, given by

Id on O
P = UT(’i)+1 on Bz
Ur i) on B¢

is a bijection from ()¢, to 2 5.

Specifically, ®(B;) = C™*! and ®(B) = C, ;-1

Adam Abrams Boundary maps for I'\ID 5 November 2020



Arithmetic vs. geometric
Curvilinear set Q¢

Rectilinear set 2 3

(Qit2, Cit1) p—rr——
(Pi, Qiv1)

|
(Qi+21 PH—I)

(P, By)
(Qiy1,Ci)

" (Qir2, Ci)

(Qit1, 1)

1d on O
®=12U;)+1 on A
Ur) on 5
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Arithmetic vs. geometric
Curvilinear set Q¢

Rectilinear set 2 3

(Qit2, Cit1) p—rr——
(Pi, Qiv1)

|
(Qi+21 PH—I)

(P, By)
(Qiy1,Ci)

" (Qir2, Ci)

(Qit1, 1)

Usiya 5 = CTOM

UriyB' = Cri)-1
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Arithmetic vs. geometric
Curvilinear set Q¢

Rectilinear set 2 3

(Qit2, Cit1) p—rr——
(Pi, Qiv1)

|
(Qi+21 PH—I)

(P, By)
(Qiy1,Ci)

" (Qir2, Ci)

Lemma (Adler-Flatto)

Generator T} sends (Qis1, P2)

Py — Pa(i)Jrl

P — Qo@)s1

Qi — Qa(i)+2 .
Pir1 — Fy)—1 Uriy+1 =T+
Qit1 — By ‘

Qit2 — Qo) UT(Z-)BZ :Cr(i)—l
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Arithmetic vs. geometric

P; Py Qi1 Qiv2
=
Qo(i)+1 Pyiy-1 Py Qo)
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Arithmetic vs. geometric

P; Py Qi1 Qiv2
=
Qo(i)+1 Pyiy-1 Py Qo)
T
Qr(i)+1 Qr(iy+2 P P+
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Arithmetic vs. geometric

P; Py Qi+1 Qi+2
KR N
Ur@+1| Qo(i)+1 Pyiy-1 Py Qo (i)
T
Qr(i)+1 Qr(iy+2 P P+
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Arithmetic vs. geometric

P P

-

Ur(i)+1 Qa(i)+1 Pa(’i)—l

J{Ta(i)—l J

Qr(i)+1 Qr(i)+2

and

Qi1 Qi+2
Py Qo)
Pri Priyn

Usr(iy1Ci = (To sy 1 Tiv1 ) (To 41y Aro (i)

= To(r(i)) Aa(r(i))

= Br(i)+1
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Conjugacy

Theorem (A.-Katok)

Let A satisfy the short cycle property. Then ® : Qgeo > Qg is a
conjugacy between e, and F5. That is, the following diagram
commutes:

[3] A. Abrams, S. Katok. Adler and Flatto revisited: cross-sections for geodesic flow on compact surfaces of constant
negative curvature, Studia Mathematica 246 (2019), 167-202.
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Conjugacy

Theorem (A.-Katok)

Let A satisfy the short cycle property. Then ® : Qgeo > Qg is a
conjugacy between e, and F5. That is, the following diagram
commutes:

Proof method: Look how the four maps in @ act.

—_—

Fa
[3] A. Abrams, S. Katok. Adler and Flatto revisited: cross-sections for geodesic flow on compact surfaces of constant
negative curvature, Studia Mathematica 246 (2019), 167-202.
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Conjugacy

Q; Piy1
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Conjugacy
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Conjugacy
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Conjugacy

Id

Tia

Adam Abrams

Boundary maps for I'\ID

Tiv1
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Cross-section

Because ® : Qg0 — 27 bijectively, we know that if (u,w) € Q3 then
the geodesic v = uw intersects F or intersects U;F, where

. if (u,w) el
7710+ if (u,w) eC;.

Definitions
e A geodesic v = uw is called reduced if (u,w) € Q ;.

e The cross-section point of a reduced geodesic -y is the point where
it enters F or U; F.
e The arithmetic cross-section is
z is the cross-section point
Cji=1m(z0) of a reduced geodesic v,
¢ is tangent to v at 2

where 7: T'D — TS is projection.
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Arithmetic coding

Given any w € S, we can build a sequence ng,n1,ns, ... by recording
which interval each wy, = f%(w) is in.

e This gives only a one-sided sequence, but geodesic flow can move
forwards or backwards.

e Recall that fj is not invertible but FA|Q_ is.
A
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Arithmetic coding
Let v = uw be a reduced geodesic on D, and denote
(uk,wk):FE(u,w) for all k € Z.

Definition
The arithmetic code of v = uw is the sequence

[’Y]A = ("'7”-27n—17n05n17n27 )
where ng = o (i) for the index i such that wy € [A;, Aiv1).

Theorem (A.-Katok)

Let 4 be the projection of 7 to S = T'\D. Then the first return of the
flow along 7 to the cross-section C'; corresponds to a left shift of the
coding sequence [7] ;.
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Coding example




Coding example

























Coding example
A periodic code (...,n, 10,11, ..., Ng—1, Nk, 10, N1, ... ) IS Written as

just (ng, ..., ng).

e Let v be the axis of T5T,T5T;.
» Its geometric code is

[V]geo = (0'(3), 0(10)7 0(1)7 0(8)) = (5? 4,7, 6)'

» Its arithmetic code is

[’Y]A = (0(3)70(10)70(12)a0(1)) = (5747277)'
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Coding example
A periodic code (...,n, 10,11, ..., Ng—1, Nk, 10, N1, ... ) IS Written as

just (ng, ..., ng).

e Let v be the axis of T5T,T5T;.
» Its geometric code is

[V]geo = (0'(3), 0(10)7 0(1)7 0(8)) = (5? 4,7, 6)'

» Its arithmetic code is

[’Y]A = (0(3)70(10)70(12)a0(1)) = (5747277)'

e For the axis of THTgT5,
[V]geo = [7]4 = (0(12),0(6),0(3)) = (2,8,5).
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Coding example

A 1 Alz
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Dual codes
Recall the coding sequence of v = uw is
(714 = (...;n_2,m_1, 0, 01, M2, ...
where
ng=0(i) if wgel[A;, Ais1),

and (ug,wy) = Fg(u,w).
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Dual codes

Recall the coding sequence of v = uw is

(714 = (...;n_2,m_1, 0, 01, M2, ...

where

ng =0(i) ifwge[4A;, A1),
and (ug,wy) = FE(an)'
e Since f5(x) = F4(-,x), we also have wy, = f%(w).

e The “future” ng,ni,ne, ..., depends only on w and can be
calculated using the one-dimensional map f3.

e But the “past” (k < 0) generally depends on both u and w.
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Dual codes
Definition

Let ¢(z,y) = (y,z). We say A and B are dual if »(Qz)=Qp and
O(F7'(p)) = F(¢(p)) for all p = (u,w) € Q5 with u ¢ B.
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Dual codes

Definition
Let #(z,y) = (y,x). We say A and B are dual if $(Q4) = Qp and
o(F3 L(p)) = Fg(o(p)) for all p = (u,w) € Q5 with u ¢ B.

Theorem (A.-Katok)
If A and B are dual and (u,w) € Q4, then the arithmetic code
[’Y]A = (“‘?n—27n—17n0a ni,na, )

of the geodesic v = uw satisfies
e for k>0, ng = o(i) such that ffi(w) €[A;, Ai1);
e for k <0, ng =1 such that fékﬂ(u) € [Bi, Bi+1)-
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Dual codes

Definition
Let ¢(z,y) = (y,2). We say A and B are dual if ¢(Q5) = Q5 and
o(F3'(p)) = Fg(¢(p)) for all p = (u,w) € Q5 with u ¢ B.

Theorem (A.-Katok)
If A and B are dual and (u,w) € Q4, then the arithmetic code

[V]A = ("'an—Qvn—lanOantha )
of the geodesic v = uw satisfies
e for k>0, ng = o(i) such that ffi(w) €[A;, Ai1);
e for k <0, ng =1 such that fék”(u) € [Bi, Bi+1)-

Proposition
There do not exist dual A and B with the short cycle property.
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Dual example

A=P={P1,P27P37...7P12}
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Extremal parameters

Recall that a parameter choice A = {A1, ..., Agg-4} is called extremal
if each A; € {P;,Q;}.

Theorem (A.)

For each extremal parameter choice A there exists a parameter choice
B ={Bi,...,Bgg-4} such that A and B are dual.

Previous results described the structure of {5 only when A has short

cycles or the specific cases A= P and A = Q.

e Before discussing the dual, we first need to describe (2 ; for
extremal A.

e The parameters B might not be extremal or have short cycles, so
the domain Q5 of Fz also does not follow from previous results.

[2] A. Abrams. Extremal parameters and dual codes for Fuchsian boundary maps, lllinois Journal of Math.
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Extremal parameters

Recall that a parameter choice A = {A1, ..., Agg-4} is called extremal
if each A; € {P;,Q;}.

Theorem (A.)

For each extremal parameter choice A there exists a parameter choice
B ={Bi,...,Bgg-4} such that A and B are dual.

Previous results described the structure of {5 only when A has short

cycles or the specific cases A= P and A = Q.

e Before discussing the dual, we first need to describe (2 ; for
extremal A.

e The parameters B might not be extremal or have short cycles, so
the domain Q5 of Fz also does not follow from previous results.

[2] A. Abrams. Extremal parameters and dual codes for Fuchsian boundary maps, lllinois Journal of Math.
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Extremal parameters

E={Py, P, P3, Pa, Ps, Ps, P7, Pg, Ps, P1o, P11, P1a}
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Extremal parameters

E ={Q4, Py, P3, Py, Ps, P, Q7, Qg, Pg, P10, Q11, Qi12)
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Extremal parameters
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Extremal parameters

E 1Q4, Py, P3, Q4, Qs, Q5, Q7, Ps, Py, Qio, Q) Qua}
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Extremal parameters

E =10y, P2, Q3, Py, Ps, Qg, Py, Py, Qg, P1o, Qu1, P12}

ST
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Extremal parameters
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Describing the domain

Qo i :

.. S e
Qy -oeeenee S A e S -
P; l SREEE R ‘ : :

PiLQ Pi‘fl ﬁz Q;+1 Q;+2 Q;+3

Part of attractor (2 5 for short cycles.

il P — ks — = -
QZ+ (H1+17 1+1() :
P ST [ il H
I 1 1
[0S R S G I B S A

Qi+1 Qi+2 Qi+3

Part of attractor €2 5 for extremal.
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Describing the domain

Suppose a set of the form

89—

U Hin,G ] [Pzan] [ i+1, G ] [Qu 7,+1]

satisfies F/5(A) = A for some extremal A. What conditions does this
imply for {G;} and {H;}?
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Describing the domain

Suppose a set of the form

8g—-4

A= (Hiv1,Gi2]x[P;, Qi) U [His1,Gio1]x[Qi, Pis]
=1

satisfies F/5(A) = A for some extremal A. What conditions does this
imply for {G;} and {H,}?
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Describing the domain

Suppose a set of the form

89—

U ’L+17 :| [‘P’LJQZ]

[ Z+17 ] [Q’La z+1]

satisfies F/5(A) = A for some extremal A. What conditions does this
imply for {G;} and {H;}?
e Answer:

o If A; = P;, then Ga(i) =T;Gi_o.

o If A; = Qi then Hi ;)1 = Tis1Hin
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Describing the domain

Suppose a set of the form

89—

U Hin,G ] [‘P’LJQZ] [ i+1, G ] [Qu 7,+1]

satisfies F/5(A) = A for some extremal A. What conditions does this
imply for {G;} and {H;}?
e Answer:

o If A; = P;, then Ga(i) =T;Gi_o.

o If A; =Qi, then Ho ;)1 = TisiHin.

e In fact, we can set H; = U;G(;)-1 and replace the second condition
with

o If A; = Qi, then Gy = Tr (i1 Gr(i)-
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Describing the domain

If A; = P;, then Ga(i) =T;Gi_o.

If A; =Q;, then Go(5) = Tr(i)1Gr(i-
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System of equations

Proposition (A.)
For any Ay, ..., Agg—4 with A; € {P;,Q;}, there exist unique values
G1,...,Ggg-4 such that for all 1 <7 <8g -4

o G;i€ [P, Pl

o G, =TiGi2 if A; =P,

° Go(i) = Tr(i)+1Gr() If Ai = Qi
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System of equations

T;Gio if A;=F;
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G € [P, Piv1] and Gy(yy = {

G1 GQ G6 G3
G5 G10 G? Gll
Gy Gy Gg G12
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System of equations

T:Gi o if A; =P,
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G; € [P, Piy1] and Gy = {

G1 GQ G6 G3
G5 G10 G? Gll
Gy Gy Gg G12

Adam Abrams Boundary maps for I'\D 5 November 2020



System of equations

T:Gi o if A; =P,
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G; € [P, Piy1] and Gy = {

G1 GQ G6 G3
G5 G10 G? Gll
~_ —
T
Gy Gy Gg G12

Adam Abrams Boundary maps for I'\D 5 November 2020



System of equations

T;Gio if A;=F;

Goal: G; € [P;, P;+1] and Gogy = {T e1Gry i Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q?v Q87P97P10a Qll;QlZ}'

nC Gy Gy Ge Gs
G5 G10 G? Gll
~_ —
T
Gy Gy Gg G12
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System of equations

T;Gio if A;=F;

Goal: G; € [P;, P;+1] and Gogy = {T e1Gry i Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q?v Q87P97P10a Qll;QlZ}'

nC Gi=P Gy Ge Gs
G5 G10 G? Gll
~_ —
T
Gy Gy Gg G12
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System of equations

T:Gi o if A; =P,
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21 P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G; € [P, Piy1] and Gy = {

nC Gi=P Gy Ge Gs
-
T3P =Gh Gio Gr G111
~_ —
T
Gy Gy Gg G12
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System of equations

T:Gi o if A; =P,
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G; € [P, Piy1] and Gy = {

nC Gi=P Gy Ge Gs
-
Ty
o
T3P =Gh Gio Gr G111
~_ —
T
Gy Gy Gg G12
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System of equations

T:Gi o if A; =P,
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G; € [P, Piy1] and Gy = {

nC Gi=P Gy Ge Gs
-
Ty
o
T3P =Gh G I=Gr G11="ro
~_ —
T
Gy Gy Gg G12
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System of equations

T;Gio if A;=F;
Triyn1Gry 1 Ai=Q;

Example: A = {P17P21P37P47Q57P67 Q77 Q87P97P10a Qll;QlZ}'

Goal: G € [P, Piv1] and Gy(yy = {

T35
— R
T Gi=P Gy Ge G3=0);
~_
T
T3 Ty T2
Ty
—
T3P =Gh Gio I=Gr G11="ro
~___—
T
Ts
Ts
—
TsT3P1 =Gy Gy Gs Pi=Gip On
~_
T1o
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System of equations

Example: g= 3 and A = {P17Q27P37P43Q57P65P7y
Qs,Q9, Pio, Q11, Q12, Q13, Q14, Q15, P16, P17, Q18, Q19, @20}

Ts T1o T
nC G —— Gy — Gi3 Gir «—— G5 O
Ty
e T Ti6
Gs G — Gn G7 «—— G135 O Tt
~_ —
Tao
Ts
T16 Tig Ty —
Ge «—— Guu «— Gig «—— G> G1o
~_
T11
Ts
Ts - Tio T3
Gig «—— Gy Gg — G2 — G
~__
Ty
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System of equations

Example: g= 3 and A = {P17Q27P37P43Q57P65P7y
Qs,Q9, Pio, Q11, Q12, Q13, Q14, Q15, P16, P17, Q18, Q19, @20}

Ts T1o T
. C G —— Gy — G3 Gir «—— G5 O
no 3-cycles
Ty v
e T Ti6
Gs G — Gn G7 «—— G135 O Tt
~_ —
Tao
Ts
T16 Tig Ty -
G «—— Guu —— Gi1g «—— G2 G1o
~_
T11
Ts
Ts - T1o T13
Gig «—— G4 Gs — G2 — G
~__
Ty
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System of equations

Example: g= 3 and A = {P17Q27P37P43Q57P65P7y
Qs,Q9, Pio, Q11, Q12, Q13, Q14, Q15, P16, P17, Q18, Q19, @20}

Ts T1o T
. C G —— Gg — G3 Gir «—— G5 O
no conflicts
Ty
e T Ti6
Gs G — Gn G7 «—— G135 O Tt
~_ —
Tao
Ts
T16 Tig Ty —
G «—— Guu —— Gi1g «—— G2 G1o
~_
T11
Ts
Ts - Tio T3
G —— Gy Gs — G2 — Gy
~__
Ty
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System of equations

Example: g= 3 and A = {P17Q27P37P43Q57P65P7y
Qs,Q9, Pio, Q11, Q12, Q13, Q14, Q15, P16, P17, Q18, Q19, @20}

Ts T1o T
nC G —— Gy — Gi3 Gir «—— G5 O
Ty
e T Ti6
Gs G — Gn G7 «—— G135 O Tt
~_ —
Tao
Ts
T16 Tig Ty —
Ge «—— Guu «— Gig «—— G> G1o
~_
T11
Ts
Ts - Tio T3
Gig «—— Gy Gg — G2 — G
~__
Ty
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Extremal parameters

Given an extremal A,
@ let G'1, ..., Ggy—4 be the unique solution to

iGie if A; =P :
Gay = {052 H0T0 with Gy e [P, P,

Triy+1Gr@y if Ai = Qi
@ set H; := U;G,(;)-1, and

Theorem (A.)
The map Fj is bijective on

Q= EJ (Hiv1,Gi-2]x[Pi, Q] U [Hit1,Gic1]x[Qi, Pisa ],
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Extremal parameters

Given an extremal A,
@ let G'1, ..., Ggy—4 be the unique solution to

iGie if A; =P :
Gay = {052 H0T0 with Gy e [P, P,

Tr(iy+1Gr(iy if Ai = Qs
@ set H; := U;G,(;)-1, and
® set B; = TTo‘(i)JrlGTU(i)'
Theorem (A.)
The map Fj is bijective on

Q= EJ (Hiv1,Gi-2]x[Pi, Q] U [Hit1,Gic1]x[Qi, Pisa ],
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Extremal parameters

Given an extremal A,
@ let G'1, ..., Ggy—4 be the unique solution to

_ T:Gi—2 if A; =P . ) : :
Go) = {TT(i)uGT(i) if Ai = Qi with G € [F5, P ],
@ set H; := U;G,(;)-1, and

® set B; = TTo‘(i)JrlGTU(i)'

Theorem (A.)
The map Fj is bijective on

8g-4

QA U [Hz+1,Gz 2] [Pzan] U [Hi+1»Gi—1:|X|:Qi,Pi+1]a

i=1
the map F'; is bijective on

8g—4
Qp = U [P, Qi]x[Hi+1,Gi—2] U [Qs, Pis1]x[Hi1,Gi1],

=1

<Q

and B is dual to A.
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Extremal parameters

Given an extremal A,
0 let Gy, ...,Ggy-4 be the unique solution to

Gogiy = {TZGH TP with Gy € [P, P,

Tr(iy+1Gr() iF Ai = Qs
® set H; := UiGT(i)*ll and
® set B; = TTO'(i)+1GTU(i)-

Theorem (A.)
The map Fj is bijective on

8g—4

Q1= U [His1,Gi2]x[Pi, Qi] U [Hi1,Gi-1]x[Qi, Pis1],

i=1
the map F5 is bijective on
89-4 [Qi+2wpi—1] [B“Bﬁ-l]
w=U [P, RIXT;B;, Bia]
B B [Qz+17Qz+2]x[Bz,T] ZB] 1]
and B is dual to A.
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Dual codes

, T12ToP7, Ts

Q10, Qq1, TeQs}

0Qs, Qs, Qg, P7.

A: {Q17P27P37P47P57Q67Q77Q87P9>P107P117P12}

B is dual to

B ={P,T7Q¢, T12T9 Pr, T5T10Qs, Q5, Qe, Pr, Qs, T 131,
Q10,Q11,ToQs}-
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Other parameter classes

Domains for F'5 are known when
e A satisfies the short cycle property, or
e A is extremal, or

e A is dual to an extremal parameter choice.

In all these cases, €27 has finite rectangular structure and FA‘Qf is
A

conjugate to Fyeo  Qgeo = Qgeo-
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Other parameter classes

Domains for F'5 are known when
e A satisfies the short cycle property, or
e A is extremal, or

e A is dual to an extremal parameter choice.

In all these cases, €27 has finite rectangular structure and FA‘Qf is
A
conjugate to Fyeo  Qgeo = Qgeo-

This is conjectured to hold for any A with A; € [P;,Q;], but so far
we do not even have a clear description of the set (25 for generic
parameters.
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Next week

e How can we use F'; and Fye, to compute h;(f7)?

e What about hop(f5)?

e How do these change when we change the parameters A or change
the polygon F7?
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